1 Evaluating the strain rates pertinent to therapeutic shock waves via finite element simulations
2 Multiscale method to extract continuum-like quantities from
MD simulations
Here, we describe the proposed method aimed at evaluating the continuum-level characteristics from the MD-determined atomistic details in a quantitative manner consistent with classical continuum mechanics concepts. In order to establish the connections between the discrete and the continuum worlds, a brief introduction of the concept of a continuum body and its mechanics is presented first to set the stage for subsequent derivations. This is followed by a brief description of a typical MD system and the steps to construct its equivalent homogeneous continuum body and evaluate the corresponding continuum velocity field. The fundamental concept of our multiscale approach is illustrated next by considering a single force exerted on a particle and developing an equivalent continuous traction distributed over the surface of a continuum body. The traction is taken to produce exactly the same resultant force, moment and power for a given velocity field as the force does on the particle. This idea is then extended via the superposition principle to investigate different types of forces applied on any set of particles, and the continuum-level internal and interaction stresses are respectively defined within this multiscaling framework.
Continuum body
A continuum body is defined as an enclosed continuous distribution of mass occupying a volume V with surface S. Each material point in this body is described by its position vector x, velocity v, acceleration a and mass density ρ. The total mass m and position of the centre of mass x CM of the continuum body are given, respectively, by
Note that for a homogeneous continuum body, its centroid of volume coincides with its centre of mass.
The mass moment of inertia tensorĪ m relative to its centre of mass is defined bȳ
where "1" denotes the second order identity tensor, "·" represents the dot product, "⊗" denotes the tensor product, and ρ = x − x CM represents the relative position of material point at x with respect to the centre of mass CM .
When a traction t (n) is exerted on the surface S with normal n, the total load f , the total moment C about CM , and the total powerẆ produced by the traction can be respectively calculated from
where "×" denotes the cross product.
2.2 Discrete MD system and its equivalent homogeneous continuum body SI Fig.4a schematically depicts a typical MD system consisting of discrete particles. Group Ω is composed of the particles within any subsystem that is of particular interest, e.g., a specific subdomain of a protein. Subscript i is used to denote the quantities associated with particle i (i ∈ Ω). The total mass m and position of the centre of mass r CM of the group are given, respectively, by
where m i and r i denote the mass and the position vector of particle i, respectively. Let v CM denote the velocity of the centre of mass calculated from
where v i is the velocity of particle i. The relative position of particle i with respect to the centre of mass CM is represented by ρ i and given by
The mass moment of inertia tensorĪ m of the group is defined as
The eigenvalues and the corresponding normalised eigenvectors ofĪ m are respectively denoted bȳ
. The spectral representation ofĪ m can then be written as
We have shown previously [4] that a solid ellipsoid of constant density can be constructed whose centre of mass, total mass and mass moment of inertia are respectively the same as those of the discrete particle system. The principal axes of the ellipsoid are chosen to align with x (1) , x (2) , x (3) and the associated principal radii are denoted by α 1 , α 2 , α 3 . The mass moment of inertia of the solid ellipsoid can then be written as
which is required to be equal to that of group Ω (see SI Eq.(12)). The principal radii (α 1 , α 2 , α 3 )
of the ellipsoid can be determined in terms of the eigenvalues Ī 1 ,Ī 2 ,Ī 3 of the particle group via the following relation
The volume bounded by the ellipsoid is
The idea of constructing a homogeneous continuum body that is equivalent to the discrete particle system is not restricted to the ellipsoidal shape presented here. One may select any continuum shape primarily depending on the structural features of the discrete system.
Evaluating the continuum velocity field
This section focusses on establishing the relation between the particle velocities of the discrete system and the velocity field of the equivalent homogeneous continuum body. To this end, the minimisation method [4] we have previously proposed is employed here and briefly summarised in the following.
We assume that the velocity of the centre of mass of the homogeneous continuum body is identical to that of the discrete particle group (see SI Eq. (9)), which can be directly determined from the MD simulations. The velocity v of the material point at x in the continuum body can be written via a Taylor series expansion around its centre of mass at r CM as
where ρ = x − r CM , and L and L (n) respectively denote the first order and the n th order velocity gradient evaluated at CM . The tensor operators ":" and " . . ." respectively denote the double and triple dot products.
In this study we consider a linear velocity fieldṽ = v CM + Lρ, i.e., the expansion includes up to the first order velocity gradient having the higher order terms truncated. As might be expected, by introducing the location of any particle into the continuum velocity field one obtains a velocity that is not exactly the same as the actual particle velocity. Let us denote this difference (error) for particle i as ∆ i so that
The total error for the particle system can be evaluated by introducing an overall error function R that sums up the error of all the individual particles
where the particle mass m i is used as the weighting factor associated with particle i.
Our task is to select a velocity gradient L that minimises the overall error R. As is common in data regression, the optimal fit is the one for which the variation in R is zero for all possible variations of L. This corresponds to finding the stationary point of the overall error function. The variation in R can be written as
where δL denotes the variation in L. At the stationary point, δR has to be equal to zero for all possible δL, which requires that ∂ L (R) = 0. This results in
from which the first order velocity gradient L can be solved as
Letṽ i denote the first order approximation of the actual velocity v i for particle i, which can now, using SI Eq.(21), be calculated from
Evaluating the continuum traction and stress
This section focusses on establishing the connection between the discrete load applied on the particle and the corresponding continuous traction and stress exerted on the equivalent homogeneous continuum body. As shown in SI Fig.4b , let f j denote a single load applied on particle j (j ∈ Ω) at the relative position ρ j with respect to the centre of mass CM of the discrete particle group Ω. An equivalent homogeneous continuum body with its centre of mass at CM (i.e., coinciding with the centre of mass of the particle group Ω) occupying the volume V enclosed by its surface S can be constructed. The aim is to find a continuous traction distribution t (n) over the continuum surface with normal n that generates exactly the same resultant force, moment and power as the load f j produces on particle j.
The traction vector t (n) can be written in an orthogonal basis (formed by basis vectors a, b
and f j ) as
where the vectors a and b are selected to be any two non-zero orthogonal vectors (i.e., a · b = 0)
in the plane perpendicular to the load f j (i.e., f j · a = 0 and f j · b = 0), and µ, η and γ are the unknown scalar functions of space.
Let us first examine the requirement that the resultant force generated by the continuum trac-tion (see SI Eq.(4)) has to be the same as that of the load f j , which gives
Substituting SI Eq.(23) into this relation results in
After taking the orthogonality of f j , a and b into account, this vector equation can be represented by the following three scalar equations
thus placing restrictions on the unknown scalar functions (i.e., µ, η and γ).
Next, let us consider the requirement that the resultant moment produced by the continuum traction about its centre of mass (see SI Eq.(5)) has to be the same as that generated by the load f j , which gives
Substitution of SI Eq.(23) into this relation results in
Finally, let us examine the requirement that the power produced by the continuum traction (see SI Eq.(6)) has to be the same as that generated by the load f j , which gives
It should be noted that the first order approximated particle velocityṽ j (see SI Eq. (22)) is used here rather than the actual particle velocity v j . Substitution of SI Eq.(23) into this relation leads
As this should be satisfied for any possible L, one has
The conditions placed by requiring the same resultant force (see SI Eq. (26)), moment (see SI Eq. (28)) and power (see SI Eq.(31)) can be simultaneously satisfied by the following selections
After substituting these functions into SI Eq.(23), the continuum traction t (n) is thus given by
A stress tensor related to this traction can then be defined by either Cauchy's theorem t (n) = nσ or t (n) =σn depending on the chosen convention. The former relation leads to a continuum stress σ given by
and the latter results in a continuum stressσ given bȳ
It should be noted that both stresses are linear in terms of the position ρ and the particle force f j . In addition, it must be emphasised that unlike the Cauchy stress, both definitions imply a non-symmetric stress. In the following the first definition of stress is adopted.
The volume-averaged stress σ V can be defined in a manner similar to that in continuum me-chanics as
After substituting SI Eq.(34) into this equation and noting that the centroid of volume of a homogeneous continuum body coincides with its centre of mass, i.e., V ρdV = 0, the volume-averaged stress can now be written as
Similarly, the surface-averaged stress σ S can also be defined as
After substituting SI Eq.(34) into this equation, the surface-averaged continuum stress is thus given
where the surface integration S ρdS is often equal to zero for many basic solid shapes (e.g., ellipsoid, rectangular prism and elliptical cylinder) as a result of geometric symmetry.
Generalisation to many particles
This section focusses on applying the concept of continuum stress to a more complex system involving different types of forces exerted on many particles. To this end, the continuum stress field (see SI Eq.(34)) obtained for the case involving a single force is generalised via the superposition principle, as it is linear in terms of the particle force.
Let f j and σ j respectively denote the resultant of all the forces being considered that are applied on particle j (j ∈ Ω) and its associated continuum stress. The resultant stress σ associated with the particle group Ω can be written as
where
As is commonly used in continuum mechanics (see Ref. [3] ), the stress can be separated into the hydrostatic pressure p and the deviatoric stress S through the following relation
where p = − 1 3 tr(σ), giving insight into the possibility of volumetric compaction or expansion. The deviatoric stress S is defined as
and provides information on shearing, for example, through the scalar von Mises stress σ vm defined by
Internal stress of a group of interacting particles
For a set Ω int of interacting particles, let f j represent the resultant of the forces exerted on particle j (j ∈ Ω int ) by all other particles within the same set. Let V int (see SI Eq. (15)) denote the volume of the solid homogeneous ellipsoid equivalent to this particle set. The resultant continuum stress associated with set Ω int is termed the internal stress and given by
As Newton's third law requires j∈Ω int f j = 0, the internal stress for this set of particles becomes
The surface-averaged internal stress can then be calculated from
The internal stress can be used as a continuum-level measure of how particles within one group mechanically influence each other.
Interaction stress between two interacting groups
For two sets Ω 1 and Ω 2 of interacting particles, let f j represent the resultant of the forces on particle j (j ∈ Ω 1 ) that are exerted by all the particles in set Ω 2 . Let V 1 (see SI Eq.(15)) denote the volume of the solid homogeneous ellipsoid equivalent to the particle set Ω 1 . The associated resultant continuum stress is termed the interaction stress induced by the particles in set Ω 2 on the particles in set Ω 1 and given by
The surface-averaged interaction stress can then be calculated from
The interaction stress can be used as a continuum-level measure of how the discrete particle groups mechanically interact with each other. Highlighted representative structural alterations of the molecular groups in response to the uniaxial membrane stretch at 10 6 s −1 , and the evolutions of surface-averaged interaction stresses with the membrane strains applied at various loading rates: (a) for the groups of pure lipid bilayer at membrane strain ∼ 50%; (b) for the groups of integrin-membrane complex at membrane strain ∼ 75%; (c) for the groups of lipid bilayer patch embedded with rigid lipid inclusions at membrane strain ∼ 20%; (d) for the groups of lipid bilayer patch embedded with rigid integrin inclusion at membrane strain ∼ 45%; and the evolutions of surface-averaged interaction stresses with the membrane strains along the axial loading direction at various loading rates for the groups of (e) pure lipid bilayer and its rigid counterpart and (f) integrin-membrane complex and its rigid counterpart. 
